Introduction
The concept of solute transport in fluid flow in a straight tube was applied by several researchers in several areas, e.g. transport of drugs or toxins in physiological systems, chromatographic separations in chemical processing and pollutant transport in environmental systems. This study solute dispersion between the single-and two-phase models is made at all times. The axial mean concentration of the solute is analysed for small arteries of different radii. This study will provide better insights into the drug or plasma protein delivery process in blood flow in microvascular networks by considering non-Newtonian fluid models.
Formulation
Consider an unsteady, axisymmetric, fully developed, pulsatile flow of blood in a uniform circular small blood vessel of radius R as shown in figure 1. In this study, one-dimensional flow is considered and blood flow is assumed to be only in the axial direction z with the axial velocity w = w (t , r ) in the vessel, where t is the time and r represents the radial direction. In small vessels, the blood containing suspended red cells in a core region of radius r 1 is considered as a non-Newtonian Casson fluid and the blood plasma in a peripheral region of thickness R 1 is assumed to be a Newtonian fluid ( figure 1 ). An irreversible first-order absorption is assumed to be present at the vessel wall and, due to this, the solute is continuously absorbed by the vessel wall. The rate of solute absorption is proportional to the solute concentration at the wall. A dilute solution is assumed so that the absorption term in equation (2.7) does not cause any coupling of flux [6] . In addition, angular symmetry is assumed and free convection effects are neglected. In this study, it is also considered that initially, at time t = 0, an instantaneous distribution of solute with mass M occurs at the plane z = 0 uniformly over the cross section of a circle of radius R in a circular vessel [6] [7] [8] [9] .
In the small tubes, owing to the mechanical properties of blood, a layer of plasma or a region of low haematocrit (i.e. a red cell-depleted region) is formed close to the tube wall and a layer of high concentration of red cells is developed near the central axis of the tube [10, 11] . This effect is known as axial migration [10] and it influences the flow behaviour of blood in narrow tubes with the Fåhraeus effect (reduction in the haematocrit) and the Fåhraeus-Lindqvist effect (reduction in the apparent viscosity of blood) [10] . In the small tubes of diameter greater than 30 µm, the apparent blood viscosity (Fåhraeus-Lindqvist effect) and tube haematocrit (Fåhraeus effect) for two-phase blood flow quantitatively agrees with the experimental data [11] . The apparent viscosity of blood depends on the vessel diameter and the haematocrit. To obtain the apparent blood viscosity in the core region of the small vessels, an experimentally validated theoretical formula is used and it is given by [10] where μ 1 is the apparent blood viscosity in the core region, μ 2 is the blood plasma viscosity in the peripheral region, μ 0.45 is the relative apparent viscosity of blood for a fixed discharge haematocrit of 45%, D is the vessel diameter in micrometres and H D is the discharge haematocrit of 39%. After an instantaneous release of solute in unsteady blood flow in a circular vessel, the local concentration of solute C (t , z , r ) with constant molecular diffusivity D m is governed by the following unsteady convective diffusion equation:
The physically realistic initial and boundary conditions are written as
and
where δ(z ) is the Dirac delta function and k a is the first-order absorption rate constant. The momentum equation for a two-phase fluid in one-dimensional shear flow is given by core region:
and peripheral region: 10) where ρ 1 is the density of blood cells in the core region, ρ 2 is the density of blood plasma in the peripheral region, w 1 is the axial velocity in the core region, w 2 is the axial velocity in the peripheral region, τ 1 and τ y are the shear stress and yield stress for a Casson fluid in the core region, respectively, and τ 2 is the shear stress for a Newtonian fluid in the peripheral region. The appropriate boundary conditions are written as τ 1 is finite at r = 0, (2.11)
The constitutive equation for a Casson fluid in one-dimensional shear flow is given by [7] 
where τ y is the yield stress of the fluid. The constitutive equation for a Newtonian fluid in onedimensional shear flow is given by
(2.15)
In the circulatory system, in general, blood flow is unsteady and it is pulsatile owing to the systolic and diastolic pumping by the heart [23] . Owing to this, in the cardiac cycle, pressure varies periodically during blood flow. The pressure gradient at any z may be written as [7, 9] − ∂p ∂z (t ) = P 0 + P 1 sin(ωt ), (2.16) where P 0 and P 1 are the steady and fluctuating components of the pressure gradient acting along the axis of the vessel, respectively, and ω is the frequency of the pressure pulsation. 
(a) Velocity distribution
From the above discussion, it is clear that the viscosity and density are assumed to be different in two phases. This will lead to different flow-governing parameters. The non-dimensional variables used in this analysis are as follows:
,
The non-dimensional form of the momentum equations is written as core region: 19) and the non-dimensional form of the initial and boundary conditions is represented as τ 1 finite at r = 0, (2.20)
and 22) where 
The non-dimensional form of the constitutive equation (2.15) for a Newtonian fluid is written as
Using the perturbation analysis, the nonlinear coupled equations (2.18), (2.19), (2.23) and (2.24) are solved to obtain the velocity distribution for two-phase blood flow in small circular vessels. The value of the Schmidt number in arterial blood flows is very large (O(10 3 )) [24] . Hence, the parameters ε 1 and ε 2 are very small and these are considered as perturbation parameters. The yield stresses τ 1 (t, r), τ 2 (t, r), axial velocities w 1 (t, r), w 2 (t, r) and plug radius r p (t) are expanded in series form as 21 (t, r), r 0p (t) and r 1p (t) by following the procedure adopted previously [18] . The first-order approximate solution is obtained and it is presented in appendix A.
Method of solution for the solute concentration
Using the non-dimensional variable, the governing equation (2.4) for the solute concentration and the initial (2.5) and boundary conditions (2.6)-(2.8) are reduced to
where Pe = (P 0 R 3 /4μ 1 )/D m is the Peclet number and β = k a R/D m is the wall absorption parameter. After injecting the solute into the blood stream, the solute is uniformly distributed over the cross section of the vessel; in this study, we are interested to investigate the axial distribution of the mean concentration of the solute which is characterized by the generalized dispersion model suggested by Sankarasubramanian & Gill [6] . Using this method, the solution for the solute concentration can be written as 6) where the cross-sectional mean concentration C m (t, z) is defined by
and f j (t, r) ( j = 0, 1, 2, . . .) are the cross-sectional functions. By following Sankarasubramanian & Gill [6] , the one-dimensional dispersion model for C m is obtained using equations (3.6) and (3.7) in governing equation (3.1), and it is presented as
where
and δ jk is defined as the Kronecker delta. In equation (3.9) , the third-and higher-order terms of
. . are smaller in magnitude than K 2 and these coefficients are not significant and can be omitted through the calculation without causing serious error [4, 6] . 
Now, the resulting one-dimensional generalized dispersion model for the mean concentration
In this study, K 0 (t), K 1 (t) and K 2 (t) account for the exchange coefficient, convection coefficient and dispersion coefficient, respectively. We substitute equations (3.6) and (3.8) into governing equation (3.1) and equate the coefficients of ∂ j C m /∂z j ( j = 0, 1, 2). Therefore, the following set of differential equations for f j are obtained as:
where j = 0, 1, 2 and f −1 = f −2 = 0. By using the method of eigenfunction expansion, we have solved the coupled system of partial differential equations (3.9) and (3.11) to obtain the unknown functions f 0 (t, r), K 0 (t), f 1 (t, r), K 1 (t), f 2 (t, r) and K 2 (t) in this specific order [7, 9] . By following the analysis of Sankarasubramanian & Gill [6] and Rana & Murthy [7] [8] [9] , the function f 0 (t, r) and exchange coefficient K 0 (t) are obtained as follows:
where J 0 and J 1 are the Bessel functions of the first kind of order zero and one, respectively, Using the coefficients K 0 (t), K 1 (t) and K 2 (t), the mean concentration C m (t, z) for the solute is determined from equation (3.10) and it is obtained as [6] [7] [8] [9] 
Results and discussion
This study throws some light on the solute dispersion process in pulsatile two-phase blood flow in a small vessel considering the first-order irreversible absorptive wall. In this study, the generalized dispersion model is adopted to analyse the axial dispersion of solute injected into the blood stream. After determining the three transport coefficients, i.e. the exchange coefficient K 0 (t), the convection coefficient K 1 (t) and the dispersion coefficient K 2 (t), the mean concentration of solute C m (t, z) is analysed at all times. Table 1 . Physical parameters calculated in small arteries with a normal heart rate when ( 72 60 ) rad s −1 and 
(a) Selection of parameter values
The radius of the microvessel R is taken to be in the range 30-100 µm, e.g. 30, 50, 65 and 100 µm.
The thickness of the peripheral region R 1 depends on the haematocrit and the diameter of the tube. For a haematocrit of 45%, R 1 increases from 2.8 to about 4.3 µm for an increase in tube diameter from 20 to 70 µm and R 1 decreases with a further increase in tube diameter [16] . In this study, R 1 is considered as 3 µm. The yield stress τ y of human blood at a haematocrit of 40% is typically 4 × 10 −3 N m −2 under normal conditions [7, 21, 22, 25] . But in the diseased condition, the value of τ y may be considerably higher in arterial blood flow [9] . The blood plasma viscosity μ 2 is given by 1.2 × 10 −3 N · s m −2 [21, 22] . The blood viscosity μ 1 in the core region is determined from the experimentally validated theoretical formula (2.1)-(2.3) in vivo for small arteries (table 1) . In the human circulatory system, the density of blood cells ρ 1 is about 1125 kg m −3 and the density of blood plasma ρ 2 is approximately 1025 kg m −3 . For sub-micrometric particles, the molecular diffusion coefficient D m ranges between 10 −11 and 10 −9 m 2 s −1 [26] . In this study, D m is considered to be in the range 7.5 × 10 −10 to 5 × 10 −10 m 2 s −1 at a haematocrit of 33-45% in blood flow [7] . For pressure-driven flow, the steady component of the pressure gradient P 0 is given a value of 2 × 10 4 Pa m −1 [25] and the fluctuating pressure gradient component e is taken to be from 0 to 1, such as 0, 0.2 and 0.5 [7, 9] . The frequency of pressure pulsation ω (radians/s) is defined by 2π f , where f is the heart rate; the normal heart rate is 72 beats per minute at rest [23] and it may differ from 50 to 100 beats per minute. The Womersley frequency parameter, which characterizes the pulsation of blood flow, ranges from O(10 −3 ) in the capillaries to nearly 20 in the ascending aorta under rest conditions in the human circulatory system and its value is greater than 1 in large arteries [23, 24] . The value of the Womersley parameter α is calculated to be less than 1 for small arteries (table 1). In arterial blood flows, the Schmidt number Sc is given as O(10 3 ) [7, 9, 24] (table 1) . As blood flow is pulsatile, the velocity of blood varies periodically over the time period T as 2π/(α 2 Sc) (table 1). Three cycles of oscillation are considered for the present results. In the small arteries, the Peclet number Pe is small; its value becomes large for medium-and large-sized arteries and mass transport mechanisms become advection dominated [8] . The wall absorption parameter β is given values from 0 to 10 2 [6] [7] [8] [9] . In this study, single-phase blood flow is considered for comparison with the two-phase model. For the single-phase fluid model, blood containing plasma and cells is considered to be a Casson fluid [7] . For this model, the average density of blood is taken as 1060 kg m −3 [25] , the average viscosity of blood is considered as 1.8 × 10 −3 N · s m −2 [14, 25, 26] , R 1 = 0 and other parameters such as R, τ y , P 0 , ω and D m are taken to be the same as in the case of the two-phase model.
(b) Exchange coefficient K 0 (t) and comparison of the present results
From the expression of (3.13), it is noted that the exchange coefficient K 0 (t) depends only on the wall absorption parameter β and the initial distribution of solute, and is independent of the nature of the fluid and its velocity [6] [7] [8] [9] . In this investigation, it is observed that the magnitude of −K 0 (t) present study Rana & Murthy [7] (b) (a) increases with β. Similar observations were elaborately discussed in Sankarasubramanian & Gill [6] and Rana & Murthy [7] [8] [9] . Hence, we have skipped the discussion on K 0 (t) with β and focused mainly on the discussion of the convection coefficient K 1 (t), the dispersion coefficient K 2 (t) and the mean concentration of solute C m (t, z) at all times for two-phase blood flow in small arteries with the effect of τ y , e, R 1 , α, Sc, Pe and β.
The present results for K 2 are compared with Gill & Sankarasubramanian [4] at all times for the single-phase model (r 1 = 1, i.e. R 1 = 0) in steady flow (e = 0) of a Newtonian fluid (τ y = 0) in the absence of wall absorption (β = 0), and is shown in figure 2a . From this figure, it is evident that our results agree well. As time increases, K 2 − 1/Pe 2 increases at small time, and at large time it attains the value 5.2083 × 10 −3 [4, 6] . Also, we have validated our results for C m with the results of Rana & Murthy [7] for the single-phase model in a pulsatile Casson fluid flow when r 1 = 1, t = 0.2, β = 0.01, τ y = 0.05, e = 0.5, α = 0.5 and Sc = 1000. From figure 2b, it is observed that our results are in best agreement.
(c) Effect of the plug flow radius r p (t)
The radius of the plug flow region r p (t) influences flow behaviour, which in turn affects the solute convection and dispersion processes in the system. We see that r p depends on the pressure gradient as well as the yield stress parameter. The variation of r p at all times with varying yield stress parameter τ y is shown in figure 3a , and it is observed that the magnitude and amplitude of fluctuations of r p increase with τ y . Here, τ y is considered as 2 × 10 −3 , 4 × 10 −3 and 8 × 10 −3 N m −2 to obtain τ y = 0.0130, 0.0267 and 0.0530, respectively. The periodic nature is seen in r p with time. Owing to the increase in r p , the velocity profile in the plug flow region becomes more flat and velocity decreases in the system. Also the variation of r p at all times for vessels of different radius R is displayed in figure 3b , and it can be seen that the magnitude and amplitude of fluctuations of r p decrease as R increases. For this reason, the velocity of the fluid increases with R.
In this investigation, the effect of τ y on convection, dispersion and the mean concentration of solute for two-phase flow is not discussed, because a similar effect of τ y was observed for single-phase flow in the study of Rana & Murthy [7] (see this reference for more details). 
(d) Convection coefficient K 1 (t)
The convection coefficient K 1 , which accounts for convection of the solute due to the fluid velocity, is analysed at all times in the presence of wall absorption. The effect of e, β, α, R 1 and Sc on −K 1 is explicitly described in this subsection along with the comparative study on −K 1 between the single-and two-phase models.
The fluid flow is influenced by the pulsatile pressure gradient and it has a significant effect on solute convection. In figure 4a , the variation of −K 1 with different values of e is displayed for single-and two-phase blood flows in an arteriole of radius R = 30 µm. It can be seen that the amplitude of oscillations of −K 1 increases as e increases, i.e. the solute is convected in a wavy nature with higher amplitude. When the flow is steady (e = 0), for the two-phase model, after a certain time, −K 1 attains a constant magnitude of 0.416, i.e. the solute is convected at the average velocity of the fluid 0. figure 4b . It is reported that, as the radius of the arteries R increases, the difference in the magnitude of −K 1 among these models decreases and it becomes insignificant in arteries of higher radii. A similar behaviour for −K 1 is also seen at large time. It is also noticed that the amplitude of oscillations of −K 1 increases with R. For vessels with higher radii, the velocity of the fluid increases and, due to this, the solute is convected. For R = 30, 50, 65 and 100 µm with β = 100, −K 1 attains a constant value 0.966, 0.976, 0.983 and 1.002, respectively, in every cycle of oscillations at large time.
The effect of wall absorption on the convection of solute at small and large times is shown in figure 5 for single-and two-phase blood flows in arterioles. From figure 5a, it is evident that both the amplitude of fluctuations and the magnitude of −K 1 increase with β at all times. The fluctuations of −K 1 become stable after a certain time for small values of β (say 0.01). However, for large values of β (say 1 and 100), the amplitude of oscillations of −K 1 increases at small time and reaches steady state at large time. For higher values of β, the increment in oscillation of −K 1 with time is very small for R = 30 µm, but it becomes more prominent as R increases (figure 5b). For β = 0.01, 1 and 100 with R = 30 µm, at each cycle of oscillation in the non-transient state, −K 1 reaches constant magnitudes of 0.646, 0.726 and 0.966, respectively, in two-phase blood flow, whereas these constant values are 0.598, 0.676 and 0.913, respectively, in single-phase flow. Owing to an increase in the value of β, the absorption rate increases and, for this reason, more solute near the vessel wall is absorbed. Hence, the distribution of solute is weighted in favour of the central region of the vessel and, near this region, solute is convected with a faster velocity than that near the wall region, which leads to an increase in −K 1 . In two-phase blood flow through arterioles, solute convection is not significantly influenced by Womersley frequency parameter α, as discussed. In this investigation, ω = 2π ( (e) Dispersion coefficient K 2 (t)
The solute dispersion process in an unsteady blood flow in small arteries, which is described by the dispersion coefficient K 2 (t), is studied in this subsection in the presence and absence of absorption at the vessel wall. The effect of parameters e, β, α, Sc, R 1 and Pe on K 2 at all times is addressed here. Also, a comparison among the single-and two-phase models on K 2 is made at all times for small arteries of different radii.
The variation of K 2 at all times with varying values of e is displayed in figure 7a for the singleand two-phase blood flows in arterioles with a radius of 30 µm. From this figure, it is evident that the amplitude of fluctuations of K 2 increases with e and K 2 attains a larger magnitude for the twophase model than that for the single-phase model in both steady (e = 0) and unsteady (e > 0) blood flows. For e = 0, K 2 reaches a constant value 2.89 × 10 −3 at large time in two-phase flow, whereas this constant value is 2.73 × 10 −3 in single-phase flow. At large time in each cycle of oscillations, K 2 reaches constant values of 4.10 × 10 −3 and 6.34 × 10 −3 for e = 0.2 and 0.5, respectively, in twophase flow; whereas in single-phase flow, this constant value is 3.90 × 10 −3 and 6.09 × 10 −3 for e = 0.2 and 0.5, respectively. From figure 7b, it is noticed that, as the radius of the arterioles increases, the difference in magnitude of K 2 between these models reduces and it becomes insignificant for arterioles with radius greater than 65 µm. It is also noticed that the amplitude of oscillations of K 2 decreases with increasing values of R. However, for steady flow (e = 0), the magnitude of K 2 increases with R (see figure 8a for more details). This may be the effect of τ y on K 2 in steady flow. As R increases, τ y decreases, and it increases the axial dispersion.
The solute dispersion process is affected by the absorption at the vessel wall and the variation of K 2 at all times is shown in figure 8b for R = 30 µm. From this figure, it is evident that, as β increases, both the magnitude and the amplitude of fluctuations of K 2 decrease. At small 60 ) rad s −1 ), respectively. In this study, the solute dispersion process in steady and unsteady flows is influenced by the effect of peripheral layer thickness R 1 and is shown in figure 9b for R = 30 µm. This figure explains that the magnitude of K 2 increases with R 1 . For e = 0, at large time, K 2 attains constant values of 2.80 × 10 −3 , 2.89 × 10 −3 and 3.02 × 10 −3 for R 1 = 0.03, 0.10 and 0.15, respectively. Owing to the increase in R 1 , solute is convected with a higher velocity of the fluid and this leads to an increase in solute dispersion. Also, the axial dispersion at all times is analysed with the effect of Sc for the two-phase model. It is observed that, with the increase in the value of Sc, the amplitude of oscillation of K 2 decreases and a similar trend in the variation of K 2 is noticed, as seen with increasing values of α. Owing to decreasing values of Sc, the molecular diffusion becomes more effective in the solute dispersion process, and this leads to an increase in axial dispersion. In this study, the effect of Peclet number Pe on K 2 is discussed at all times for R = 30 µm, β = 0.01 and e = 0.5. It is noted that, as Pe increases, the magnitude of K 2 decreases. At large time in each period of oscillation, K 2 reaches constant magnitudes of 6.43 × 10 −3 , 6.34 × 10 −3 and 6.27 × 10 −3 for Pe = 68.73, 91.64 and 137.46, respectively. A similar nature in axial dispersion is observed with varying e, β, α, R 1 , Sc and Pe for arterioles in different radii.
The axial distribution of the mean concentration of solute C m (t, z) is investigated at all times in two-phase blood flow in the small arteries, and it is described clearly with the effect of parameters e, β, α, Sc, R 1 and Pe in this subsection. Also, a comparison is made on C m between the singleand two-phase models. Figure 10a shows the axial distribution of C m with varying values of β in single-and two-phase blood flows for R = 30 µm. It is evident that, as β increases, the peak of C m decreases and the profile of C m becomes more flat for both models. For higher values of β, the absorption rate of solute at the wall enhances and more solute is transported to the wall region; therefore, the depletion of solute becomes more rapid in the system. For this reason, the solute concentration decreases. Also, this figure reveals that the peak of C m is maximum for the two- other radii such as R = 50, 65 and 100 µm, a similar behaviour in mean concentration is observed for both models but as R increases the difference in the peak concentration between these models becomes small and the concentration profile becomes more flat (figure 10b). For R = 50, 65 and 100 µm, the magnitudes of the peak of C m for the two-phase model are 0.0335, 0.0150 and 0.0045, respectively, whereas these peak values for the single-phase model are 0.0228, 0.0097 and 0.0027, respectively.
From figure 11a , it can be concluded that, with increasing values of e, the peak of C m decreases and the profile of C m becomes more blunt with axial dispersion. For R = 30 µm, the magnitudes of the peak of C m are 0.1534, 0.1317 and 0.1081 for e = 0, 0.2 and 0.5, respectively. The effect of e on C m becomes insignificant for large values of R. For R = 65 µm, the magnitudes of the peak concentration are 0.0161, 0.0157 and 0.0150 for e = 0, 0.2 and 0.5, respectively. For R = 100 µm, the magnitude of the peak of C m is 0.004523, 0.004519 and 0.004498 for e = 0, 0.2 and 0.5, respectively. The variation of C m in the axial direction with varying values of R 1 is displayed in figure 11b for the two-phase model with R = 30 µm. This figure explains that the peak of C m decreases as R 1 increases. Owing to increasing values of R 1 , the convection and dispersion of the solute increase and this leads to a decrease in the mean concentration. The peak values of C m are 0.1096, 0.1081 and 0.1062 for R 1 = 0.03, 0.10 and 0.15, respectively. Through this investigation, it is reported that the peak of C m increases with α. However, the effect of these parameters on C m is insignificant in small arteries and similar observations were highlighted in the literature of Rana & Murthy [7, 9] for single-phase flow. From figure 11c, it is observed that, as Sc increases, the peak of the mean concentration increases. However, the increment in the mean concentration is not very significant. The effect of Pe on C m is seen to have been very significant in two-phase flow through the arterioles. From figure 11d , it is clearly seen that, with increasing values of Pe, the peak of C m decreases and the profile of C m becomes flatter. The peak values of C m are 0.1425, 0.1081 and 0.0727 for Pe = 68.73, 91.64 and 137.46, respectively. From equation (3.2) , it is worth noting that the Peclet number governs the initial distribution of solute in the system. With increasing values of Pe, the initial solute concentration decreases for a blood vessel of fixed radius. For this reason, the mean concentration of the solute reduces for higher values of Pe.
Conclusion
In a pulsatile two-phase Casson blood flow through small arteries, the convection, dispersion and mean concentration distribution of the solute are analysed at all times in the presence and absence of absorption at the wall. The generalized dispersion model is adopted to describe the transport phenomena of the solute. In this study, a comparison between the single-and two-phase models is made on the dispersion process. A significant difference between these models is observed for small arteries and this difference becomes insignificant for vessels of large radius R. As R increases, the mean concentration of the solute reduces and the concentration profile becomes flatter. The dispersion process of the solute is influenced by the yield stress of the fluid τ y , the wall absorption parameter β, the amplitude of the fluctuating pressure gradient component e, the peripheral layer thickness R 1 , the Womersley frequency parameter α, the Schmidt number Sc and the Peclet number Pe. The mean concentration of solute C m increases with τ y . With increasing values of β, C m reduces in the system. As e increases, the peak of C m decreases and this decrement becomes insignificant for large values of R. Owing to the increase in R 1 , the concentration of the solute decreases in the system. It is reported that the effect of α and Sc on the mean concentration of the solute is insignificant for small arteries. However, these parameters have a significant effect on solute dispersion. The peak of the mean concentration decreases with the increase in the value of Pe and this effect is very significant in small arteries. This study may be applied for investigation of the transportation process of drugs or plasma proteins in blood flow through small arteries.
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